Abstract-A modification of the Wilkinson power divider is presented that eases planar implementation while maintaining performance. By adding transmission lines between the resistor and the quarter-wave transformers of the traditional design, a range of valid solutions exists that meet the conditions of being reciprocal, isolated between the output ports, and matched at all ports. The proposed design is particularly useful at millimeter-wave frequencies where reduced physical dimensions make a circuit configuration suitable for low-cost package-level implementation difficult using traditional methods. Two frequency bands are demonstrated. At -band, the circuit gives 0.3-dB excess insertion loss, 19-dB isolation, and 50% bandwidth. At the -band, the circuit gives 0.75-dB excess insertion loss, 24-dB isolation, and 39% bandwidth.
I. INTRODUCTION
T HE NEED to divide an input signal into several identical output copies is common among many communication systems. Often there is a necessity to isolate the output ports of such a divider so that mismatches and reflected signals on one output port do not propagate to other paths in the system. An elegant solution to this problem is the Wilkinson power divider [1] , [2] . Developed in the early 1960s, this hybrid power divider utilizes resistors between output ports in order to provide isolation over a given frequency band. Despite its clever use of symmetry, the traditional Wilkinson divider suffers from several drawbacks when implemented in a planar form such as the printed wiring board techniques ubiquitous to present day circuit technology. The original Wilkinson power divider was designed for use in shielded coaxial systems at frequencies low enough not to warrant consideration of additional parasitic effects caused by geometric inconsistencies in the physical layout of the circuit. In RF and millimeter-wave systems, these effects can be devastating to the performance of the circuit. This paper presents a modified Wilkinson power divider circuit that achieves similar performance, while better suited to the layout considerations of a planar environment. Shown schematically in Fig. 1 , the traditional Wilkinson power divider can suffer from parasitic effects at high frequencies that can significantly inhibit performance in an integrated planar design. These parasitics typically derive from undesired coupling between the two quarter-wave arms, or distributed effects introduced by the physical requirements of stretching the resistor between the two arms. Integrated resistors introduce far fewer parasitic effects than resistors contained in a separate package, but its dimensions still cause it to take on the characteristics of a transmission line at high frequencies. Typical solutions to these problems have involved wrapping the quarter-wave arms into rounded shapes that converge briefly for resistor placement using the smallest resistor footprint possible [3] - [5] . Due to the necessary bends, it is often difficult to incorporate these designs at the package level for millimeter-wave frequencies because of the small length-to-width ratio of the quarter-wave transformers. On the other hand, on-chip implementation of the transformers is large compared with the available active components, leading to more space-effective topologies implemented with active devices replacing the transmission lines [6] . Another solution uses additional half-wave transformers to connect a small resistor between widely separated arms, which is compatible with the design procedure presented here, although this method greatly increases the size of the circuit [7] . This paper demonstrates a method to achieve an optimal solution using a simple and easily realizable structure that requires little optimization and a small physical area. Since there are no complex bends, the design also scales well throughout most RF and millimeter-wave frequencies.
II. CIRCUIT ANALYSIS
The design presented in this research, shown in transmission line elements between the quarter-wave transformer arms of the divider. This addition creates the framework for an object with geometric dimensions in the space between the quarter-wave transformers and the ideal resistor, which can, in turn, be used to increase the spacing between the arms; reducing the coupling between them. These added transmission lines can be implemented either as standalone elements, or absorbed into the integrated thin film resistor, or a combination of the two. By absorbing the physical area of the resistor into the transmission lines, the circuit can decrease the sensitivity to distributed effects seen in integrated resistors since the resistor becomes a natural extension of the added line. As will be demonstrated, the proposed design maintains the same matched, reciprocal, and isolated response seen in the Wilkinson power divider.
Like the traditional Wilkinson divider, the key to this design lies in its symmetry. By dividing the circuit in half along its line of symmetry and using odd-and even-mode analysis, the complexity of the analysis can be greatly reduced. The reduced circuit is illustrated in Fig. 3 . The line of symmetry bisects the resistor , which can be represented as two resistors in series with a value of . Likewise, the impedance of the input port can be divided in parallel, doubling the effective impedance of the port. All impedances, including the resistor , have been normalized to the system impedance throughout this derivation, and are hereafter denoted by lowercase letters to reflect this fact. The circuit then contains five unknowns, which are the characteristic impedance and electrical length of the "arm" segments, denoted as and , respectively, the characteristic impedance and electrical length of the "stub" segments, denoted as and , respectively, and the value of the resistor .
A. Even-Mode Analysis
In the even mode, the symmetric ports are excited with currents of equal magnitude and phase. Since the currents are in the same direction, a virtual open is created along the line of symmetry, which eliminates the resistor from the circuit. The circuit then becomes a simple two-port matching network. Looking into port 2, we can solve for the impedance of each path, denoted as and in Fig. 3 (1)
The parallel combination of these impedances should equal the port impedance in order to be matched. Adding the admittances and gives (3) which can be expanded and separated into two complex equalities. The real part of the equation yields 
The imaginary part of the equation becomes (6) which can also simplify, giving
Since this is a passive matching network, the circuit will be reciprocal, and analysis from port 1 will yield the same result.
B. Odd-Mode Analysis
In the odd mode, the symmetric ports are once again excited with currents of equal magnitude, but this time with opposite phases, creating a virtual short along the line of symmetry. Since the circuit is symmetric through port 1, the short will appear across the port, eliminating it from the circuit. The short will also appear at the base of the bisected resistor , leaving it to absorb all the incident power in order to maintain the matched condition. Using the same method described for the even-mode analysis, we can obtain the matching condition (8) This equation can also be expanded and given as a set of complex equalities, leaving a real equality that simplifies to (9) and an imaginary equality that simplifies to (10) If we apply (10) to (9) , it can easily be shown that (11) which is a complementary equation to (7) . Therefore, if we were to substitute (7) and (11) This under-determined system of equations will give a range of solutions that meet the requirements of being matched, reciprocal, and isolated between the output ports. The range of several variables in this system are bounded by physical conditions imposed by and (16). In order to be a physically realizable circuit, must be real and must be positive. Enforcing these conditions in the normalized circuit, it can easily be shown that , which implies . It can also be shown that , where is any integer. If we allow to go to 0, we see that the system reduces to the familiar Wilkinson design.
III. CIRCUIT DESIGN
Although the preceding theory is applicable to any frequency, the practical advantages for this design are best seen at millimeter-wave frequencies. At lower RF frequencies below around 10 GHz, fabrication tolerances and transmission line length-to-width ratios are generally forgiving enough to fold the arms of the standard Wilkinson divider, where , to provide a smaller size and greater bandwidth than other variants of the proposed design. However, as the wavelength decreases, the electrical length of the transmission lines shrink, while the Fig. 4 . Theoretical bandwidth based on ideal simulations using a 2 : 1 VSWR rubric. The trace represents the range of solutions given by the proposed design procedure across two periods, while the individual markers indicate compatible published variants from [2] and [7] , and the variant demonstrated in this study. The length of is represented across its valid range [n; n + (=4)) for n = 0 and n = 1.
width determining the characteristic impedance remains close to constant. This combination of changing dimensions makes the physical layout of these bending techniques impractical at millimeter-wave frequencies. It is here where the simple structure and slightly larger size of the proposed design are advantageous. Antsos [7] presents a similar structure that, like the traditional Wilkinson power divider, is a specific case of the broader theory presented here. However, as this circuit is merely a multiple of the traditional Wilkinson divider ( in this case), the circuit is unnecessarily large. As shown in the equations derived in Section II, adding a small length of transmission line between the resistor and the quarter-wave transformer reduces the necessary characteristic impedance of the quarter-wave transformers themselves. Their length increases at the same time, leading to a range of solutions near the middle of the valid range that maximize the length-to-width ratio of these elements. As with all transmission lines, the initial dimensions and the rates at which these changes occur are highly dependent on the substrate used. The various factors that must be considered during the design process to achieve the best solution for a given situation are explored here.
Selecting the proper variant of this design methodology involves a tradeoff analysis between performance, size, and a variety of design rules dependent on the technology used to implement the design. One aspect to consider when adding additional lengths of transmission line to a circuit is the bandwidth. The proposed design procedure is capable of producing a variety of wide circuit bandwidths, as shown in Fig. 4 . Maximum bandwidth is achieved by keeping line lengths to a minimum, as in the original Wilkinson design. As additional length is added to the lines based on the theory presented here, bandwidth decreases according to the trace shown in Fig. 4 . Due to the periodic nature of electrical lengths in transmission lines, multiples of the valid range will also produce valid solutions. The first multiple, denoted by , is plotted in Fig. 4 . Note that the bandwidth response in this region remains relatively flat up to an unwrapped electrical length of approximately 35 before falling off. However, the bandwidth of almost any of these configurations exceeds that of many other common system components, even when reduced to levels below this plateau. Therefore, the design variant fabricated and measured in this study was chosen to emphasize the ability of the added stubs to enable compact and robust millimeter-wave power dividers using low-cost technology rather than achieving the widest bandwidth possible. The configuration chosen for this purpose is denoted by the circle marker in Fig. 4 for reasons that will be clarified shortly.
Recall that the primary motivation behind this design involves the reduction of both coupling between the parallel arms and unwanted distributed effects appearing across the integrated resistor. The effects of coupling between two microstrip lines are well understood [8] . However, the specific amount of coupling is highly dependent on the properties and dimensions of the substrate being used, which makes it difficult to quantify how much will be present in a general scenario. Generally speaking, proximity is the primary cause of undesired coupling. Therefore, if the coupling between the impedance transformers is determined to be too strong, adding additional length to the stub ( ) effectively separates the paths of concern and reduces the problem. As previously mentioned, this is most useful at high frequencies where introducing bends into the lines is impractical.
A problem that typically has a greater impact on the performance of the circuit involves the parasitics of the resistor. Resistors, whether they are integrated or packaged, occupy physical space that is not accounted for in the traditional Wilkinson model. When an RF designer implements a design that must contend with one of these components, such as a traditional Wilkinson power divider, the result is typically that hand calculations produce unusable baseline results and an electromagnetic (EM) field solver must be used to obtain a useful solution. By using the proposed design, the parasitics of the resistor can be absorbed into the extra stub length between the resistor and impedance transformers, paving the way for accurate results using simple hand calculations.
When integrated onto the substrate, a resistor is little more than a transmission line with a given loss per unit length. In addition, many integrated resistor materials have a very low sheet resistance value, meaning the resistor must be relatively long in order to achieve the desired value. This only increases these associated transmission line parasitics. Since even at millimeter-wave frequencies the resistor length is still small with respect to the wavelength, the resistor can be modeled as a series combination of transmission lines and a resistor, as shown in Fig. 5 . These parasitic lines can then be easily absorbed into the stub extensions of the proposed design.
The layout of the proposed divider can be seen in Fig. 6 . By keeping the structure simple without unnecessary bends, the layout can be scaled very small to accommodate high-frequency designs where the required transmission line lengths are not much larger than the necessary widths. The simple design also means far fewer parasitic modeling effects need to be considered. As previously described, the resistor dimensions can be absorbed into using the model in Fig. 5 . This leaves only three T-junctions present in the layout that are as yet unaccounted for in the design. These junctions are each denoted by an "X" in Traditional design using a small resistor. Note that although the overall size of the resistor has changed, the length-to-width ratio and, therefore, the resistance used in (A) and (B) are the same. (C) Designed using the equations presented here, using the solution where the resistor dimensions coincide with the necessary stub dimensions. Fig. 6 . A rough approximation that works well for hand calculations involves absorbing half the length of each T-junction into the length of each line attached to the "T," as shown by the lengths of and in Fig. 6 .
A comparison between traditional Wilkinson designs and the design procedure proposed here can be used to illustrate the effectiveness of this technique. Fig. 7 shows the layout of several power dividers at the -band in a standard 50-system. Fig. 7(A) is a traditional Wilkinson design measuring 466 568 m that uses a large resistor to reduce coupling between the quarter-wave transformers, but in turn incurs greater resistor parasitics. Fig. 7(B) is a similar design using a small resistor to minimize the parasitics of the resistor, but increases the coupling between the quarter-wave transformers. This circuit occupies an area of 556 253 m . Also shown in Fig. 7(C) is a layout from a comparable circuit designed using the proposed method that accounts for the physical dimensions of the resistor. The solution used was selected by simultaneously solving for the value where the required resistor length-to-width ratio matched the characteristic impedance and phase needs of the transmission lines. This solution is highly dependent on the sheet resistance and substrate characteristics used in the circuit. For a sheet resistance of 25 square, and a substrate with a thickness of 50 m and dielectric constant of 3, this solution occurred at a stub length of . Computing the rest of the design variables resulted in a circuit measuring 783 397 m , approximately 17% larger than the traditional design shown in Fig. 7(A) . It is interesting to note that if an optimization routine were to be run minimizing the return loss and isolation on the traditional designs with the resistor, linewidth, and line length allowed to vary, the values of each parameter would approach the solution shown in Fig. 7(C) .
Simulation results of the insertion loss and isolation performance using Ansoft's High Frequency Structure Simulator (HFSS) for each layout are shown in Fig. 8 . These results demonstrate that resistor parasitics have a much larger effect on circuit performance compared to parasitic coupling in this situation. This is expected for a thin substrate with a low dielectric constant such as the one used here. Although the design in Fig. 7(B) provides adequate results, the small resistor size will increase the variation seen during fabrication. The design using the proposed technique offers superior isolation across most of the -band and similar insertion-loss performance at sizes that are more appropriate for fabrication. The bandwidth of the circuit in Fig. 7(C) is 85.9%, down slightly from the theoretical value predicted in Fig. 4 . Likewise, the 134.8% bandwidth of the traditional circuit using the small resistor was down from its predicted value of nearly 160%. These reduced numbers are attributed to substrate and conductor losses that were not accounted for in the theoretical prediction. The traditional design using the large resistor never achieved a voltage standing-wave ratio (VSWR) greater than 2 : 1 on the input port and, therefore, no bandwidth estimate could be made. Considering these results, the proposed design is most useful for millimeter-wave applications on low-cost package-level technologies. In such situations, the circuit provides superior isolation and similar insertion-loss characteristics compared to a traditional Wilkinson power divider. More importantly, it can be used to relax feature size requirements of the resistor and quarter-wave transformer elements to the extent that the power divider will conform to the design rules of most package level fabrication processes; a feature that will be explored in Section IV.
The equations presented here provide a range of solutions that can be tailored to fit any number of applications. One of these solutions selected for further study occurs when the normalized value of the resistor is 1. At this value, the normalized characteristic impedance of all the transmission lines used in the circuit are also 1. This configuration is ideal because there is no transition necessary to interface with the rest of the system, as all of the port lines will already be the same size as the system impedance lines feeding the circuit. Using the middle value in the possible range of is also beneficial because it eliminates the physical extremes seen at both ends of the spectrum. At the one end is the traditional Wilkinson design, which provides narrow transformer lines and high-resistance values with very little tolerance for transmission line stub lengths. The drawbacks of this design at high frequency have been discussed at length. At the other end of the spectrum, the transformer lines and resistor have values so low that the physical restrictions reverse, with transmission linewidths becoming extremely wide compared to its length, resulting in unrealistic geometries. The degree of these effects are dependent on the thickness and dielectric constant of the substrate. Maintaining a high length-to-width ratio in the added stubs will also allow for the use of lower sheet resistance materials since longer resistors can be used. Using these criteria to relax the physical dimensions of both the impedance transformer and resistor, while maintaining a reasonable geometry and minimizing parasitics to demonstrate the robust nature of the design, has led to the selection of the variant where normalized to confirm the performance of this design procedure.
IV. MEASUREMENT AND RESULTS
Two different millimeter-wave frequency bands were tested to demonstrate this design using the variant of interest where , , and all have normalized values of 1. These values necessitate the electrical lengths and to be 125.26 and 35.26 , respectively, in order to satisfy (14)-(17). The first iteration was designed at 60 GHz in the -band and the second at 90 GHz near the center of the -band. The designs were fabricated on a liquid crystal polymer (LCP) substrate with a thickness of 50 m. LCP is a low-cost organic substrate that has been shown to give excellent performance at millimeter-wave frequencies [9] .
The integrated resistors were achieved through the use of foils, where a 0.5-oz sheet of copper is sold with a pre-deposited NiCr thin film on one side. This foil can then be laminated to the substrate and formed into individual traces and resistors through standard photolithography and chemical etching [10] . The advantage of this process is that thin films can be used for low-cost large-area processing without having to resort to expensive vacuum deposition techniques. A major draw- back to using this method, however, is that with the thick 18-m copper layer, needed to provide stability to the foil before lamination, the minimum reliable feature size is around 75 m. This restriction demonstrates the advantage of using this variant of the design as opposed to the traditional Wilkinson design. A 50-m-thick substrate with a dielectric constant of 3 requires a 113-m-wide line for a 50-characteristic impedance, while a 70.7-line needs to be 57-m wide. While the low-cost technology implemented here is not capable of producing the narrow 70.7-lines required by the traditional Wilkinson design, it can produce the 50-lines needed by this variant.
Foils with a 25-square sheet resistance were used for the integrated resistors. This relatively low value necessitates a resistor with a length of at least two squares in order to implement most useful variants of the design, which is more than adequate to make the distributed effects of the resistor apparent. The fabricated power dividers can be seen in Fig. 9 . The -band design measures 1.13 0.82 mm, while the -band design measures 0.74 0.57 mm. Due to the additional line lengths involved, the circuit is slightly larger than the traditional Wilkinson power divider, but saves significant space compared to the design presented by Antsos in [7] , which would be used for similar applications. Comparing the -band design presented here to a similar design based on the Antsos variant, an area reduction of over 80% is achieved.
Since the power divider is a three-port device, and a two-port network analyzer needed to be used to take measurements, a solution for terminating the third unmeasured port needed to be found. The easiest method proved to be creating custom 50-terminations using a field solver simulation to determine the impedance of an integrated resistor at the design frequency. These resistors were readily available since they were already required for the power divider. A simple matching network was then used to bring the impedance to 50 , the system impedance of the measurement system. This process produced terminations accurate enough to cover the design bands of the circuits. These structures can be seen attached to the fabricated dividers in Fig. 9 . Measurements indicate the -band terminations have better than 2 : 1 VSWR across the entire 50-75-GHz band, while the -band terminations meet this specification from 78 to 103 GHz.
Two different design iterations were performed at each frequency band. The first used only hand calculations to derive the dimensions of the divider. The second then modeled and optimized the design in a commercial EM field solver. An optimization scheme setting minimum targets for , , and at the design frequency was selected. The measured performance of these designs can be seen in Figs. 10-13. The insertion loss of the -band circuit is 0.3 dB below the ideal value of 3 dB at the design frequency when optimized, and the isolation is approximately 15 dB across the band. Optimization provided a 0.2-dB improvement in the insertion loss, but no improvement in isolation when compared to hand calculations. The -band circuit shows 0.75-dB excess insertion loss at the design frequency, also with an isolation around 15 dB across the band. Here, optimization gives no improvement over hand calculations with respect to insertion loss, but the isolation is improved by 5 dB in the center of the band and corrects a 15% frequency shift seen in the return-loss measurements.
These results show that while optimization with an EM field solver may provide some improvement in the response of the circuit, for the most part, the effect of these complex calculations is minimal compared with simple hand calculations. Again, defining the bandwidth as the region where the circuit shows better than 2 : 1 VSWR on the input port, measured results at the -band show a 38.9% bandwidth, very close to the value predicted in Fig. 4 . The bandwidth at the -band was around 50%, which well exceeded the predicted value. Even at millimeter-wave frequencies, this design is very robust because it is much better adapted to a planar form factor than the original Wilkinson divider. The results compare well with previously published power dividers at the -band [3] , [5] with the additional benefit of being well suited for low-cost technologies where thicker substrates and larger feature sizes make millimeter-wave designs difficult.
V. CONCLUSION
An extension of the traditional Wilkinson power divider has been presented. The addition of transmission lines between the resistor and quarter-wave transformers has been shown to absorb the high-frequency parasitics typically unaccounted for in traditional designs, while maintaining the ideal performance characteristics of being matched, reciprocal, and isolated between the output ports. The prototype designs show excellent performance at millimeter-wave frequencies, even when implemented using low-cost technology typically reserved for lower frequency circuits with less critical dimensions. The design has also been demonstrated to be very robust with simple hand calculations providing reliable dimensions for near-optimal circuit performance. Using the design procedure presented, millimeter-wave power dividers are no longer restricted to depend on vacuum deposition techniques, and can become accessible to a wider market. He is currently a Design Engineer with Skyworks Solutions Inc., Cedar Rapids, IA. His current research interests include development of system-on-a-chip and system-on-a-package transceiver front-end architectures for mobile communication applications. 
